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Abstract 



We consider the Dirichlet problem for the biharmonic equation on an arbitrary 
convex domain and prove that the second derivatives of the variational solution are 
bounded in all dimensions. 

1 Introduction 

Properties of solutions of the Dirichlet problem for the Laplacian on convex domains are 
nowadays well understood. It is a classical fact that the gradient of a solution is bounded and 
in the last decade a number of results in L^, Sobolev and Hardy spaces have been developed 
(see [2], [11], [7], [8]). However, much less is known about the behavior of solutions to 
higher order elliptic equations. The aim of this paper is to establish the boundedness of the 
second derivatives of a biharmonic function in all dimensions. 

To be more precise, given a bounded domain f2 C denote by W^2^(fi) the completion of 
C^{Q) in the norm of the Sobolev space of functions with second distributional derivatives 
in L^. We consider the variational solution of the boundary value problem 



The main result of this paper is the following. 

Theorem 1.1 Let Q be a convex domain in M."' , O & dQ, and fix some R ^ {0,dia.m{Q)/ 10) . 
Suppose u is a solution of the Dirichlet problem (II. ip with f G C^{Q \ fiioi?)- Then 



'u = f inn, f E c^{n), u G w^in). 



(1.1) 




for every x G -B/j/s fl f2. 



(1.2) 



where 



u is the Hessian matrix of u 



Cp^R = {x G M" : p < \x\ < R}, Bp = {x e : |x| < p} 



(1.3) 
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and the constant C depends on the dimension only. 
In particular, 

|V'n| G L°°(l]). (1.4) 

We would like to mention that the properties of solutions to boundary value problems for 
the biharmonic equation on general domains, such as pointwise estimates and an analogue of 
the Wiener criterion, have been studied in [12], [13], [II]- The boundedness of the Hessian of a 
biharmonic function on a planar convex domain was obtained from the asymptotic formulas 
in [9], where the restriction n = 2 was essential. In the context of Lipschitz domains, 
following the work of B. Dahlberg, C. Kenig and G. Verchota in [5] on the well-posedness of 
the Dirichlet problem with boundary data in L^, J. Pipher and G. Verchota established the 
so-called boundary Garding inequality ([IS]), estimates ([IT]) and the Miranda- Agmon 
maximum principle in low dimensions ([IE])- The more recent advances include the work of 
Z. Shen ([20], [2j) and regularity results by V. Adolfsson and J. Pipher in ([3]). 

The result of Theorem 1 1.1 1 may fail on a Lipschitz domain. Even in the three-dimensional 
case the solution in the exterior of a thin cone is only C^'" for some a > (see [TO]) and 
there is a four- dimensional domain for which the gradient of the solution is not bounded (see 
[T3] and [T7] for counterexamples). 

Our approach is different from the methods of the Lipshitz theory as well as from those 
used in [9]. The proof of (11. 4p relies upon the new weighted integral identities, which allow 
to control the local behavior of biharmonic functions near the boundary of the domain. 

2 Global estimates: part I 

Let fl be an arbitrary domain in M", n > 2. We assume that the origin belongs to the 
complement of fl and r = |x|, u = x/\x\ are the spherical coordinates centered at the origin. 
In fact, we will mostly use the coordinate system {t,uj), where t = logr~^, and the mapping 
X defined by 

M" 9 s ^ (t,cj) G M X 5"-^ (2.1) 
Here, and throughout the paper, S"~^ denotes the unit sphere in R", 

Wl = {x eMJ" : Xn> 0}, (2.2) 

and Sl~^ = S^-^nRl- 

Next, given an open set P C 5*""^, the space W^2^(P) is the completion of C(f (P) in the 
norm 

ll^lliyi(r) = [- j^i'^^^du^ ' = (^^iV^^prfo;^ ' , (2.3) 

where and stand for the Laplace-Beltrami operator and gradient on the unit sphere, 
respectively, and W^2^(P) is the completion of C^(P) with respect to the norm 
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w/|(r) 



\ 1/2 



(2.4) 



If r C Sl~^ and ip G Wi{r), k = 1,2, we sometimes write that ip belongs to W^iS^-^), 
with the understanding that ip is extended by zero outside of T, and similarly the functions 
originally defined on the subsets of M" will be extended by zero and treated as functions on 
M" whenever appropriate. 



Lemma 2.1 Let Q be an arbitrary bounded domain m M", O G M" \ and 



u G C^i^), u 



an 



0, Vn 



an 



0, V = e^\uo 



Then 



Au(x)A 



m 



u{x)G(\og 


X 






X 


n 



dx 



-iy^vf [d^tG + ndtG + 2n g) - {dtvf (2d^G + 3n dtG + {n^ + 2n - A) G 



+ -v^ (dfG + 2n d^G + (n^ + 2n - 4) d^G + 2n{n - 2) 9tG 



dudt. 



(2.5) 



(2.6) 



/or every function G onM. such that both sides of (12. 6p are well-defined. 

Proof. In the coordinates (t, tu) the n-dimensional Laplacian can be represented as 

A = e2*A(9i,(5J, where k{dt,5^) = d'^ - {n - 2)dt + 5^. (2.7) 

Then 



An(a;)A 



u(a;)G'(log 


X 






a; 


n 



dx 



A{dt - 2, 6^)vA{dt + n-2, S^)(vG) dcudt 



[ [d^v -{n + 2)dtv + 2nv + 5^v) {d^{vG) + {n - 2)dtivG) + G 5^v) dtodt 



[d^v -{n + 2)dtv + 2nv + 5^v) 



X [G 6^v + G dlv + {2dtG + (n - 2)G) dtv + {dfG + (n - 2)9*^) v) duodt. {2.i 
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Expanding the expression above and reassembling the terms, we write the integral in (12.81) 

as 



G {5^vy + 2G 5^vd^v + a {d^vy 

>f(n) ^ 

+v6^v [dlG + {n- 2)dtG + 2nG) + 5^vdtV {2dtG - AG) 
+d^vdtv {2dtG - AG) + vd^v {d^G + (n - 2)dtG + 2nG) 
+ {dtv)^ {-2{n + 2)dtG - {n^ - 4)G) 
+vdtv {-{n + 2)d^G - {n^ -An- A)dtG + 2n{n - 2)G) 

W {2ndlG + 2n(n - 2)dtG)^ dcudt. (2.9) 
Since G does not depend on u, after integration by parts the latter integral becomes 



/ (g {6^v)^ - 2G d^dtvdtv + G {dlv) 



^ (jr yo^vj — zur OujUtvutv -t- Lt I^C^^"'^^ 

+(V^i;)2 {-d^G - d^G -{n- 2)dtG - 2nG + d^tG - 2dtG) 

+ {dtv)^ {-d^G + 2dtG - {d^G + {n - 2)dtG + 2nG) - 2{n + 2)dtG - {n^ - A)G) 

+vdtv {-dfG -{n- 2)d'fG - 2ndtG - {n + 2)d'^G - (n^ -An- A)dtG + 2n{n - 2)G) 

{2nd'^G + 2n{n - 2)dtG)) dudt. (2.10) 



Finally, integrating by parts once again and collecting the terms, we arrive at (12.61) . □ 

To proceed further we need some auxiliary results. By 5 we denote the Dirac delta 
function. 

Lemma 2.2 A hounded solution of the equation 

^ + 2n^+K-2)^-24 = 5 (2.11) 
dt^ dt^ ^ ' dt^ dt ^ ' 



subject to the restriction 



is the function 



g{t) -^0 ast^ +00, (2.12) 



n e-V2{n-Vra)t _ y^^2Tp8, t < 0, 
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Proof. The equation fl2.1ip can be written as 



Since we seek a bounded solution of fl2.1ip satisfying fl2.12p . g must have the form 



a e 



for some constants a, 6, c, d. Once this is estabhshed, we find the system of coefficients so 
that d'lg is continuous for A; = 0, 1, 2 and hmt^o+ dfg(t) — hm^^o- dfg{t) = 1. □ 

Next, let us consider some estimates based on the spectral properties of the Laplace- 
Beltrami operator on the half-sphere. When n > 3 we will use the coordinates u = {6, ip) on 
the unit sphere S"'~^, where ^ e [0, vr], G S*""^. In the two-dimensional case cu = 9 E [0, 2n). 

Lemma 2.3 For every v e 1^2^(5'"""^), 



n-l 



J6^v\^duj>2n I \Vu;v\Uuj. (2.16) 

The equality is achieved when v = cos^9. 
Proof. Since v e W^iS^-^), 



\V^v\'^duj= / V^{V — {V)gn-l) c/tU < ||f — (f )^n-l||^2(5i-lJ(5^f ||^2(5'i-l), (2.17) 

where 

{v)sn-i = f vdu. (2.18) 



If > 3, let us denote 



z{e):=i v{e,ip)dip, y{e,^):=v{e,^)-z{e). (2.19) 

Sn-2 



Then {y)gn-i = and 



b ^ ('^)5!f-^llL2{S!f-l) ~ lbllL2(5n-l) + - (^)5.n-l||^2^_^„_l^, (2.20) 

I Vo;'^ II ^2^5'"-i ^ II ^i^Z/ II /^2^_5"i-i') ~l~ II ^t^^ll /,2 ^_5"i— 1^ • (2.21) 
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By the definition (I2.19P the function y G W^2^(S'""^) is orthogonal to cos^ on 5*+"^ 
Therefore, y is orthogonal to the first eigenfunction of the Dirichlet problem for —5^^ on 
S^~^. Since the second eigenvalue of — 5^; is 2n, this yields 



\V^y\^du>2n I \y\'^duj. (2.22) 
Turning to the estimates on 2;, we observe that 



A = inf 



- /gn-i ^ duj 

\i\'^duj 



ieWliSl-'), l^^_Jdu; = 0, e = ew|, (2.23) 

is the first positive eigenvalue of the Neumann problem for —5^ in the space of axisymmetric 
functions. Hence, A = 2n and the corresponding eigenfunction is ncos^ 6 — 1. Therefore, 

/ iVu^z]"^ du >2n \z- {z)sn^i\'^duj. (2.24) 

Combined with fl2.20p - fl2.22p . the formula above implies that 

/ \Vu^v\^duj>2n \v - {v)sn~i\'^duj, (2.25) 

and by fl2.17p this finishes the proof for n > 3. 

In the case n = 2 there is no need to introduce functions z and y. One can work directly 
with V and prove fl2.25p following the argument for 02.240 above. □ 

Lemma 2.4 Let Q be a bounded convex domain in M" and O G M" \ Suppose that 

uEC\n), u =0, Vm =0, V = e^\uo (2.26) 



and g is given by f l2.13p . Then 



n 



\x\ 



> - / (20'^ git - r) + 3ndtgit - r) + {n^ - 2) g{t - r)) {dtv{t, uj)f duodt 

+ ^ / v^{T,uj)du), (2.27) 

for every E Q, t = log l^l""*^. 
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Proof. Rearranging the terms in fl2.6l) . we write 



J>c{n) L ^ 

- {2dlG + ?>ndtG^ {dtvf - [d^^G + ndtG^ iy^vf 

+ \ (dfG + 2ndfG + (n^ + 2n - 4)d^G + 2n{n - 2)dtG^v^ dudt. (2.28) 

Let G{t) = g(t — t), t E M, with g defined in fl2.13l) . First of all observe that for such a 
choice of G the conclusion of Lemma [2?T] (and hence the equality (12.281) ) remains valid. 
Going further, g > and 

d^g{t) + ndtg{t) < 0, for every t e M. (2.29) 

Indeed, 



dtg(t) = ^^=-> ^\ ^ , ^ (2.30) 



and 



Therefore, 

^ ( f,~l/2{n~V^^)t^ t <0, 

dfgit) + ndtgit) = , < ^ ^ ' (2.32) 

is non-positive. 

Recall that the first eigenvalue of the operator —S^j on the half-sphere is n — 1. Since Q 
is a convex domain, for every fixed t G M 

/ |V^f(t,cj)|2rfcj > (n - 1) / \v{t,uj)\'^diu, (2.33) 

and the same estimate holds with v replaced by dtv. Together with (12.281) and (I2.29p this 
gives 
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> 



r u{x)g{logm/\x\)y 

^?(t-r)((M=^-2n(V.t;)2) 
(29,2(7(t - r) + 3n9i(7(t - r) + {n^ - 2) (^(t - r)) (9*^;)^ 



+ § ( - ^) + 2n9i'^(t - r) + (n^ - 2)d^g{t - r) - 2n9t^(t - r) jt;^ rfu;c/t. (2.34) 



On the other hand, for every t G 



S"-in><(f7) 



{{6ujv{t, uj)y - 2n{V^v{t, uj)y) duj > 



(2.35) 



by Lemma 12.31 so it remains to estimate the terms in the last hne of (12.341) . However, 
according to Lemma 12. 2[ we have 



dtg{t - r) + 2ndlg{t - r) + {n^ - 2)d^g{t - r) - 2ndtgit - t))v 



duidt 



which completes the proof. 

3 Global estimates: part II 

Lemma 3.1 Suppose Q is a bounded Lipschitz domain in M", O G M" \ Q, and 



(2.36) 

□ 



MGC^(fi), u 



an 



Then 



2 / Au{x)A 



u{x)G(\og 


X 






X 


n 



0, Vm 



dx 



on 



0, V = e^\uo x-^). 



(3.1) 



A^u(x) 



{x ■ Vu{x)) G{\og 


X 






X 


n 



dx 



U5^vYdtG + {dtV^v f (dtC + 2nG) 



+ {dtvf (I dtG + 2nG) + n{V^vfdtG 

+ {dtvf {-Id'fG - nd^G - \{n^ + 2n- A)dtG - 2n{n - 2)G)^ duudt 
I f {{S^vy + 2{dtV^vy + (9^)2) G cos{u, t) da^,u 



(3.2) 



where v stands for an outward unit normal to fl and G is a function on M for which both 
sides of (13.21) are well-defined. 

Proof. Passing to the coordinates {t,uj) and using fl2.7p . one can see that 



(x ■ Vm(x)) G{log 


\x\ 


n 




\x\ 





A{dt, 5^)A{dt - 2, S^)v i2v - dtv) G dudt, (3.3) 



and therefore, 



2 / Auix)A - ' 1^-' ' ' )dx-J^ AMx) ^ i;,; ' ' ' ) dx 

k{du 5^)K{dt - 2, 5^)v dtV G dudt 
[ {d1 -{n- 2)dt + 6^) {d^ -{n + 2)dt + 2n + 5^) v dtV G dudt. (3.4) 

Jx:(n) 



This, in turn, is equal to 



6y + 26^dtv + d^v - 2ndt6^v - 2nd{v -2n{n- 2)dtv 
+2nS^v + [n^ + 2n- 4:)d^v^ dtV G doodt 
[ UlvdtvG - 2d1^^v ■ dtV^vG - d^vd'fvG - dfvdtvdtG 

+2n{dtV^vfG + 2n{d^^vfG + 2nd^vdtvdtG - 2n{n - 2){dtvfG 
-2ndtV^v ■ V^vG + (n^ + 2n- A)dlvdtvG\ dudt. (3.5) 



Let us consider the first term in (13. 5p . Since the first derivatives of v vanish on the 
boundary. 



6'^vdtV G dudt = — V^^^t" ■ Vu^dtV G dujdt 
xin) J>c{Q) 

{-SujiVujV ■ dtVujv) + V^v ■ dt6J7u>v + 25^vdt6^v) G duodt 
{-S^dtiV^vY + dt{5^vf) G dcudt. (3.6) 
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Integrating by parts in t, we can rewrite the last expression as 



I I [Su^iy^vf - {6^vf) dtGdujdt -\ (5^(V^t;)' - {6^vf) G cos(z/,t) da^^t 



= 11 {26^V^v ■ V^v + {5^vf) dtC dujdt -\ {6^vfG cos(z/, t) da^^t 

= -\\ M%Gdujdt-l [ {5^vfGcos{v,t)da^^t. (3.7) 

Now fl3.2p follows directly from fl3.5l) by integration by parts and fl3.6p - fl3.7l) . □ 
Lemma 3.2 Suppose fl is a bounded convex domain in M", O G dfl, 

uEC\n), u =0, Vu =0, w = e^*(Mo x"^), (3.8) 
an an 

and g is defined by fl2.13p . Then 



/ /o \ 



/ (5f(7(t-r)+2n52(7(t-r) 



2 



>c{Q.) 



+ {n^ - 2) %(t - r) - 4n^(t - r) (9tt;(t, uj)Y dudt, (3.9) 



/or every ^ E Q, r = log |^| 

Proof. Observe that g > and for every convex domain cos(i/, t) < so that the boundary 
integral in fl3.2p is non-positive. 

Going further, the formula fl2.30p shows that dtg < 0. For t < it is obvious and when 
t > this function can change sign at most once, while at and in the neighborhood of +oo 
it is negative. In combination with Lemma [2.31 this yields 

{-li5^v{t, uj)fdtg{t - r) + n(V^t;(t, uj)fdtg{t - r)) dujdt > 0. (3.10) 

Using (12.131) . fl2.30p we can also show that the coefficients of {d^vY and {dtVujvY are 
nonnegative. Indeed, we compute 



-dtg{t) + 2ng{t) 

1 j (-fn - fV^^Ts) e-i/2{"-V^)i + 2Vn2T8, t < 0, 
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The positivity of this function can be proved in a way similar to the argument for dtg: this 
time, the function is positive at and in the neighborhood of ±00. Since dtg < 0, we also 
have that dtg + 2ng > 0. 

Finally, since f2 is a convex domain, we can apply f l2.33p for the function dtv{t, ■), t G M, 
and obtain the estimate (13.91) . □ 

Lemma 3.3 Suppose Q is a bounded convex domain in M", O G dQ, 

ueC\n), u =0, Vu =0, V = e^\uo x-^). (3.11) 



an 



and g is given by (I2.13P . Then 



2 Js^-^r\}<{n) ^ Jn \ 



Jn \ F, 

(3.12) 

for every ^ E Q, t = log \^\^'^- 

Proof. First of all, (I2.27P combined with (13. 9p implies 



/ / o *^ 



>n v^{T,uj)duj- ({n^/2-l) dfg{t-T) 

+ {n^ + 2n)d^g{t - r) + (^72 + + 2) dtgit - r)) (dtvf dcudt (3.13) 
Using the formulas fCTJ]) . flOB and 

1 f l(n-v/^?T8)'e-i/2("-v^)*, t<0, 
2Vn2 + 8 [ _^2^/;^^g-nt + i (n + V^^^TS) e-i/2("+v^)*, t > 0. 
we compute 

(nV2 - 1) af^(t) + in' + 2n)d^g{t) + {n'/2 + An' + 2) %(t) = - J—^ x 

2v^ + o 

X <^ ^ (3 15) 

\ (2 + ^2) + 8 e""* + n {-ny/n^ + 8 + 6) e-i/2(n+V^?+8)t^ ^ > g. 

The function above is non-positive, which in combination with (I3.13P implies (13.120 . □ 
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4 Local estimates for the solution of the Dirichlet 
problem 

Throughout this section we will adopt the following notation: 

SriQ) := {x : \x-Q\=r}, Sr := Sr{0), 

BriQ) := {x : \x-Q\ <r}, := 5,(0), 

CrAQ) ■■= {xeR"": r<\x-Q\<R},Cr,R:=Cr,R{0), 

where Q e and < r < R < oo. 

Having this at hand, let us start with a suitable version of the Caccioppoli inequality for 
the biharmonic equation. 

Lemma 4.1 LetQ be an arbitrary domain onM", Q G dQ andR G (0, diam (f2)/5). Suppose 
A\ = finn, f eC^{n\B,R{Q)), ueW^in). (4.1) 

Then 

[ \V\\'^dx + \ [ \Vu\^dx<^[ \u\'^dx (4.2) 

for every p < 4R. 

We now proceed with the local estimates for solutions near a boundary point of the 
domain. 

Theorem 4.2 Let Q be a bounded smooth convex domain in M", Q G dQ, and R G 
(0, diam (r2)/5). Suppose 

A\ = fznn, f eC^{n\B^n{Q)), ueW^{n). (4.3) 

Then 



— J- \u{x)\'^ dax < -f \u{x)\'^ dx for every p < R, (4.4) 

where the constant C depends on the dimension only. 



Proof. Assume for the moment that Q = O. For a smooth domain Q the solution to the 
boundary value problem fl4.3p belongs to the class (7^(0) by the standard elliptic theory. 
Going further, take some rj G C^(M) such that < rj < 1 and 

r/ = for t < log(2i?)-\ r/ = 1 for t > logi?"\ \dfr]\<C, k < 4. (4.5) 

Since u G (7^(0) we can apply Lemma [3.31 with [rj o x)u in place of u. The function u is 
biharmonic on the support of r/ o x, so that 
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[A^ r]o h]u = A^{{r] o x) m) - (77 o x)A^u = A^{{r] o x)u) (4.6) 
and hence by (I3.12p . 



2 



< / [A^ ,(log |x|-)] u{x) ( -v-;-/^-Bi-i^J^^^-BVM/i^i;; j 



n 



u{x)ri{\og 


\x[ 


-^k(log(|el/|x|)) 




\x\ 


n 



2ra 

2 2 



X ■ V{u{x)ri{\og 


x\ 






\x 


|n 



[A^ r]{\og \x\ ^)] u{x) — dx 



< E E C'..,^ / (^f (9^r^)' (4.7) 

i=l j,k=0 "^'^(*^) 

where Cj are some constants depending on the dimension only. Here for the last inequality 
we used integration by parts, Cauchy-Schwartz inequality and boundedness of the function g 
and its derivatives. Observe that [A^, o x] m contains only the derivatives of u of order less 
than or equal to 3, for that reason there are no boundary terms coming from the integration 
by parts and the order of derivatives in the final expression does not exceed 2. 

Observe also that each term on the right hand side of (14. 7p contains some derivative of 
1]. However, 

suppafr/ C (log(2i?)-\ logi?-^) , for k>l, (4.8) 
so that (14.71) entails the estimate 

2 

1/ \u{x)\^da,<CY,-B^ui |VV^)prfx, (4.9) 



l,2R 



for every p < R. Next, invoking Lemma 14.11 we deduce the estimate (14.41) for Q = O. 
Then (14.41) follows from it in full generality since C is a constant depending solely on the 
dimension. □ 

Given Theorem 14.21 it is a matter of approximation to prove the following result. 

Corollary 4.3 Let Q be a bounded convex domain in R", Q G dQ, and R G (0, diam {Q)/10). 

Suppose 

A\ = fznn, f eC^{n\B,oR{Q)), ueW^{n). (4.10) 

Then 

If , . .,0 . . _C /■ 

where the constant C depends on the dimension only. 



^. \u{x)\'^ dx < — 4- \u{x)\'^ dx for every p < R/2, (4-11) 
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Proof. Let us start approximating f2 by a sequence of smooth convex domains {^n}'^=i such 
that 

oo 

[J f2„ = f2, n„ C Qn+1 for every n G N. (4.12) 

n=l 

Choose Ai'o G N such that supp f C Qn for every n > Nq and denote by u„, the solution of 
the Dirichlet problem 

AV = / in fi„, /GCo°°(fi„), M„GW^|(r]„), n>iVo. (4.13) 

Finally, let Qn G be a sequence of points converging to Q G dfl. 

Now fix some p as in (14. lip and let a = 2^^^^. Then there exists = N{p) > Nq such 
that \Q — Qn\ < ap for every n > N. In particular, 

Cp/2,p{Q) C C(i/2-a)p, (l+a)p((5n) and C/?,4K(Qn) C C^J 

—ap, AR+ap 

(Q). (4.14) 

Therefore, for every p such that (1 + a)p < R 

\ 1/2 

|u(a;)p (ix j 

1 / A 1 / ^ ^''^ 

1 / \ C / \ 

-~\T |m(x) - M„(x)p(ix + T |M„(x)p(ix , (4.15) 

P y Cp,2,p{Q) J ^ \J CB,4fl(Q„) / 

where we have used f l4.14p and Theorem 14. 2[ Similarly, the last term above can be further 
estimated by 



2 



— I -/ \un{x) - u{x)\'' dx] \u{x)\''dx] . (4.16) 

(Q) / 

Now recall that the solutions m„, being extended by zero outside of fin and treated as 
elements of Wf(f2), strongly converge to u in Vt^2^(fi) (see, e.g., [i6\). Then passing to the 
limit as n — > +00 we conclude that 

21, Hx)\'dx] <^Ai Hx)\^d^ , (4.17) 

for every p < R/{1 + a) and a sufficiently small, for instance, a = 2^^°°, and finish the 
argument. □ 
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Finally, we are ready for the 

Proof of Theorem \l.li The interior estimates for solutions of elliptic equations (see [4J) imply 
that for X G Br/^ 

\VMx)\^<C-f \VMy)\''dy (4.18) 

where d{x) denotes the distance from x to dVl. Denote by xq a point on the boundary of VL 
such that d{x) = \x — xo\- Since x e -Br/s = Br/^{0), we have x G Br/^{xo), and therefore 
for a = 2~^°° we obtain 



\'^My)\'dy <-^A Hy)?dy <^J \u{y){'dy, 



using Lemma 14.11 for the first estimate and (14.171) with Q = xq for the second one. Since 

X G 5^/5(0), X G Sjj/5(xo), 1/ G C(i_„)ij,(4+<:,)ij(Xo) =^ y ^ Cr/2,5r{0), (4.19) 

combining (14.181) - (I4.19P we finish the proof. □ 
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